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Abstract

The paper attempts to clarify some of the implications of different autonomous demands, with differing rates of growth, in a demand-led growth model where policy makers are concerned about the ratios of external debt to income and public sector debt to income. We seek a fairly simple explanation of the actual growth rate in terms of the growth rate of aggregate demand and thus a demand-led approach. We derive an expression for the actual growth rate of demand at any time in terms of actual growth rate in the preceding period, the rate of growth of autonomous demand and the warranted growth rate. One element in the analysis is Harrod’s notion that the interplay of warranted and actual growth rates will be an indicator of undesired excess or deficient capacities, with the warranted growth rate being driven by autonomous demand growth. Having established the relation between the actual growth rate, autonomous demand and the warranted growth rate, the discussion turns to the determinants of autonomous demand – in this paper, net export demand and public sector expenditure. And it is here that debt constraints become relevant, specifically, the ratio of public sector debt to output and the ratio of external debt to output. With the tax share, the evolution of the public debt ratio is then bound up with the evolution of the ratio of public sector expenditure to income. We assume that while policy makers are mindful of both the export to income ratio and the public sector expenditure to income ratio, their ability to influence either ratio in our analysis is largely restricted to their influence over the rate of growth of public sector expenditure. The paper goes on to explore the likely interactions between debt constraints, the growth rate of aggregate demand and autonomous demand by means of dynamic simulations.  

Demand-led growth with debt constraints: a Harrodian perspective 

1. Introduction

The aim of the present paper is to shed further light on the nature of demand-led growth, with explicit recognition of the constraints imposed by both public debt and foreign debt. It therefore takes as its starting point the non-marginalist position that growth is ultimately demand constrained; and, in particular, that growth is driven by the autonomous components of demand. For the purposes of this paper, we regard the key autonomous components of demand as export demand and government expenditure. 
As is well known however, the extent to which both of these expenditures are “autonomous” is not uncontroversial. Even from a non-orthodox perspective, and quite aside from any consideration about the pros and cons of discretionary fiscal policy, public sector expenditure is clearly subject to the concerns of policy makers about sustainable public sector debt trajectories. Additionally, recent decades have witnessed increased concern about links between public sector balances and external balance and thus in turn with foreign debt trajectories.
 

The focus of this paper is primarily on the dynamics of growth in the context of concern by policy makers about these two types of debt; while at the same time adopting demand-led approach to the explanation of growth, where the two key drivers of this growth are export demand and government expenditure.
In the spirit of a demand-led approach we also provide a role for one of Harrod’s (1939) insights. The dynamics of demand for Harrod, at least off the steady state growth path, was bound up with the magnitude of the actual growth rate relative to the warranted growth rate. This idea is made use of in the formulation of investment as a proxy for the extent to which utilization of capacity is above or below desired levels. In the present paper, the warranted rate is assumed to be governed by the rate of growth of aggregate autonomous demand
, but in the present paper the imposition of limits on the evolution of producers’ expectations works against the instability results originally claimed by Harrod.
Section 2 begins the analysis by deriving an expression for the actual growth rate of demand at any time in terms of actual growth rate in the preceding period, the rate of growth of autonomous demand and the warranted growth rate. Section 3 deals with the relationship between debt and the two autonomous components of demand; and this discussion in turn allows one to consider in a tentative way the complexities of demand-debt interaction. Section 4 focuses on the determinants of the rate of growth of government expenditure as a prelude to a simulation analysis of the model in Section 5. Section 6 provides some brief concluding notes.
2. The actual growth rate – a simple model

We seek a fairly simple explanation of the actual growth rate. Our analysis is formally conducted in terms of the growth rate of aggregate demand; the justification for this being that in the transition to a long-run equilibrium, the rate of growth of output will be converging on the rate of growth of demand. Production is assumed to take time, while circulation – when demands are expressed and supply is forthcoming – happens at the junction of two periods i.e. t/t-1. We start with the composition of aggregate demand at the end of period t, Dt
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Where Ct, It, Gt and Xt refer respectively to consumption, investment, government expenditure and export demand expressed at the end of period t. It is assumed that consumption is a simple function of current income while both export demand and government expenditure are exogenous. Hence for consumption  
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where Yt is income/output in period t. 

With regard to output,Yt, the immediate complication is that output levels have to be decided prior to the expression of demand, so that it is necessary for producers to formulate expectations about future demand. Of course this is also necessary for the formulation of investment decisions at the end of each period. We assume that producers attempt to forecast the growth rate of demand one-period ahead: in other words, for investment decisions at the end of period t, producers formulate an expectation about the growth rate of demand between t+1 and t. However, since, demand at the end of period t is not known prior to the formulation of investment decisions, the most recent demand level on which producers’ growth expectations can be based is that at the end of t-1. We therefore also assume that the growth rate expected between t+1 and t on that between t-1 and t-2. In particular, the expectation held at the end of period t concerning the level of demand at the end of t+1 is given by 
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As noted above, the expected growth rate of demand between t+1 and t is based in part on the rate of growth of demand most recently observed, viz., gdt-1. But we add to this component two other considerations: first an allowance for the fact that expectations about demand in the past may have been incorrect and in turn capacity may have been deficient or excessive in relation to actual demand; and, second, that growth in the economy is partly driven by the scale of government and by external demand and producers are aware of this. The implication of this latter consideration is that producers take some account of the rate of growth of the economy as a whole and by implication of the exogenous components of demand when forecasting the growth rate of demand in their own sector.
 Putting these factors together gives as an expression for the expected rate of growth of demand as 
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Where at-1 refers to the rate of growth of autonomous demand between t-1 and t-2 and gwt-1 to the “warranted” growth rate at t-1. The warranted growth rate has the same meaning here as in Harrod (1939), viz., the equilibrium growth rate, along which producers “on balance would be content to maintain that rate of advance”. The term (gdt-1 – gwt-1) in fact represents a useful short-hand, albeit crude, means of factoring into the growth forecast past forecast errors regarding the growth rate of demand. More precisely, and following Harrod, when gd exceeds gw, producers on balance should be experiencing over-utilization of capacity, reflecting an underestimation of demand growth; while using analogous reasoning a gd less than gw would reflect an overestimation in relation to demand growth.

Output in period t is given by


[image: image5.wmf](

)

de

tt1t1

YD1g

-+

=+



 EMBED Equation.DSMT4  [image: image6.wmf](

)

(

)

{

}

ddw

t1t1t1t1t1

D.1.a1.gx.gg

ee

-----

éù

=++-+-

ëû

 

…..(5) 

If we assume everlasting fixed capital so that all investment is net investment, we can represent the investment level decided on at the end of period t in terms of the increment of demand expected between periods t-1 and t+1. In other words,
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where v is the desired capital to output ratio. 

With regard to autonomous demand, we assume this consists entirely of government expenditure and expenditure on exports, so that autonomous demand at time t, At, is
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and, as ratios to income, 
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where GYt and XYt represents the ratios of government expenditure and exports to income respectively.
Substituting equation (5) for Yt in equation (2) allows one to express consumption as a function of demand;  and substituting equation (5) for Yt in equation (8) allows one to express aggregate autonomous demand, At, as a function of the ratio of autonomous demand to income, AYt, and demand. In turn, combining these manipulations with combining with equations (1), (4) and (6), allows one to express the growth rate of aggregate demand, gdt as a function of growth rates in the preceding period and the ratio of autonomous demand to income in the preceding. In other words, 
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Additionally, in view of equation (5), the rate of growth of output between period t and t-1, denoted gyt, can be written as
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Finally, it is worth also briefly clarifying the growth rate of autonomous demand. This can be expressed as
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      where     
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It follows that 
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Starting from a situation where 
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 and supposing that gGt then rises above gXt, with gXt remaining constant, the numerator of the expression will be positive and the differential 
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It also follows from the expression for at, that at will converge to whichever of the two rates of growth – gXt, gGt – is the higher: 
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3. Policy constraints and autonomous demands
The more interesting question at this point concerns the determination of the two components of autonomous demand – government expenditure and export demand. For the purposes of the following discussion we assume that export demand is wholly exogenous; while government expenditure is ultimately governed by concern about debt, specifically, the behaviour of the ratio of public debt to income and the ratio of foreign debt to income.
Taking exchange rates also as exogenous and further assuming that the domestic economy has little or no influence over the interest rate on foreign debt the assumption that export demand is wholly exogenous implies that the only means by which the government could exert influence over the trade account and in turn over the current account and over the ratio of foreign debt to income is by manipulating the rate of growth of domestic demand. This in turn would affect the external debt to income ratio in at least two ways: indirectly through the trade account via a change in the rate of growth of imports; and directly via a change in the rate of growth of income. 

However, we also assume, significantly, policy makers are not necessarily concerned to the same degree about the foreign debt to income and public sector debt to income ratios. In particular, the analysis proceeds on the assumption that while governments would accept some rise in the level of external debt as a proportion of income, they will be much less tolerant of a rise in the public debt to income ratio from its current level. We think this reflects the more recent position of governments, certainly with respect to public debt. Thus, while an exogenous growth of exports together with the current and past growth rates of aggregate demand may entail some rise in external indebtedness, the past growth rate of demand – to the extent that it governs the current rate of growth of output - may act as a binding constraint on the rate of growth of public sector expenditures.

In other words, we assume that the government is mindful of both the export to income ratio and the public sector expenditure to income ratio (to the extent that they have implications for foreign and public sector debt ratios), though, in the absence of control over interest rates on external debt and in the absence of considerable latitude for “cheap money” it is restricted to manipulating the public sector expenditure ratio. In contrast to an orthodox approach to growth however, we maintain that public sector expenditures will be an important driver of autonomous demand and thus of the rate of growth of output.

Before proceeding further, it is appropriate to articulate the relationships between the autonomous components of demand and the two debt to income ratios referred to above, albeit in a simplified way. 





Taking firstly the public debt to income ratio and assuming that any budget deficits are fully funded by the issue of government debt, one can write, 
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where
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 represents the change in public sector outstanding debt, B, between end of t-1 and end of t; T, represents total tax revenue and r is the interest rate payable on public sector debt. In terms of ratios to income, the public debt ratio at the end of t, 
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…..(15)
where t is the income tax rate (there are no other taxes), assumed constant and GY is the ratio of government expenditure to income. Similarly, the change in foreign debt between t and t-1, 
[image: image24.wmf]t/t1

E

-

D

,can be expressed as

[image: image25.wmf]t/t1ttt1

EMXr.E

--

D=-+






…..(16)
Where M represents imports and r again is the relevant interest rate on foreign debt (hence, assumed the same as the interest rate on public debt) so that, the ratio of foreign debt to income at the end of t is given by 
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…..(17)
where m is the import propensity, also assumed constant, and XY is the ratio of export demand to income.
Bearing in mind the assumptions that t, r and m are constant, expressions (15) and (17) can be rewritten in the form of constraints respectively on the rate of growth of government expenditure consistent with a stable public debt to income ratio and the rate of growth of exports consistent with a stable foreign debt to income ratio, for any particular rate of growth of income. More precisely, expressing the ratio of government expenditure to income in period t as 
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and setting bYt = bYt-1, then solving for gGt, expression (15) becomes
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The more pertinent form of this is as an inequality, viz.,  
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…..(20)
The right-hand side of this inequality shows the maximum growth rate of government expenditure, given r and t, the growth rate of income and the ratio of government expenditure to income from the preceding period, consistent with a constant public debt to income ratio. If we were to further simplify and assume an unchanging expected growth rate of demand, then from equation (10) (see footnote 5), we may substitute the demand growth rate for the output growth rate in expression (20) so that the relevant constraint becomes
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…..(21)
We refer to this as the public debt constraint, hereafter PDC.
One can similarly rearrange expression (17): setting eYt = eYt-1, solving for gXt and bearing in mind 
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yields
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Expression (23) represents the foreign debt constraint or FDC and represents the minimum growth rate of exports, consistent with a constant foreign debt to income ratio, given r, m, growth in demand in the preceding period (assuming a constant expected growth rate of demand) and the export to income ratio of the preceding period.

Figure 1 below depicts the PDC which shows, for different levels of the growth rate of demand, gdt-1, the growth rate of government expenditure consistent with the constancy of the ratio of public debt to income, for a particular previous period value of that ratio, byt-1, as well for the ratio of government expenditure to income, Gyt-1. The area below the PDC represents combinations of gdt-1 and the rate of growth of government expenditure gGt which would lead to a reduction in the ratio of public debt to income; in other words, byt < byt-1.
The diagram also includes a 45o line, points along which entail gdt-1 = gGt so that Gyt-1 is unchanged. Since the slope of the PDC is equal to 
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, a positive public debt to income ratio (by > 0) and a primary budget surplus (t > Gy), the slope of the PDC is therefore greater than unity and thus the PDC is steeper than the 45o line. With an overall budget surplus and thus 
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 > 0, lies wholly above the 45o line. On the other hand, points off the 45o line, where gG ≠ gdt‑1, will obviously entail changes in Gy and thus changes in the slope of the PDC and both its intercepts. Points off the PDC will involve changes in the public
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Figure 1  - demand growth and the public debt constraint
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debt to income ratio, by, and thus also changes in the slope and in both intercepts of the PDC.
 

At a point such as D for example with gdt-1= gdA and gGt = gGA, the ratio of government expenditure to income, Gy,  will be rising. However, since D is on the PDC, this combination of demand growth and government expenditure growth will keep the ratio of public debt to income constant (i.e. byt = byt-1). Hence, with a constant tax rate, t, the PDC function will become flatter.   

It can also be shown that with a total budget surplus (implied by the positive vertical intercept and negative horizontal intercept of the PDC), the horizontal intercept of the PDC increases and the vertical intercept decreases with a rise in Gyt-1.
 Hence for example, the combination gdt-1= gdA and gGt = gGA, will lead to a shift in the PDC such as that represented by the dashed line in Figure 1. 
By contrast, consider the combination of growth rates at point F, gdt-1= gdA and 
gGt = gGB. In this case Gy will be falling; and by is also falling (F is in the shaded region). But it can be shown that, with a total budget surplus, the change in the horizontal intercept will be in the same direction, while the vertical intercept will move in the opposite direction. The precise shift in the PDC will depend on the change in its slope. This, it turns out, depends positively on the sign of the difference gdt-1 - gdA . Hence the effect of a combination of growth rates such as that at point F, where gdt-1 > gdA  and thus the differential of the slope with respect to a change in Gy and by both in the same direction is positive, the PDC shifts to something like the dotted line in Figure 1. 

There remains the implications of points lying on the interval DH, where gG > gdt-1, and thus where Gy is rising but where by is falling. The slope of the PDC must lessen for a given tax rate, t. The complexity in such cases concerns the movement in the intercepts of the PDC; though on “reasonable” values for parameters,
 the movement of the PDC will be something like PDCH in Figure 1.

Figure 2 below depicts the FDC. We assume for the purposes of discussion that m < eYt-1, 
 so that the FDC is negatively sloped; and that the current account is in deficit (i.e. CADYt-1 = m + eYt-1 .r –XYt-1 > 0) so that both the vertical and horizontal intercepts of the FDC are positive (assuming a positive level of foreign debt). Analogously to the PDC, combinations of gXt and gdt-1 lying on the FDC entail a constant foreign debt to income ratio. Points to the right (left) of the FDC entail a fall (rise) in eY. 
Figure 2 – demand growth and the foreign debt constraint
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As with the PDC depicted in Figure 1, Figure 2 provides an illustration of the three possible shifts of the FDC, depending on the combination of gXt and gdt-1.
 
Figure 3 plots both the PDC and FDC together with a 45o line: the vertical axis measures values for both gGt and gXt, with gdt-1 measured on the horizontal axis. Since, as noted above, the PDC lies wholly above the the 45o line then the intersection of the PDC and FDC will also lie above the 45o line. 

Figure 3 also depicts indicates a number of different regions – combinations of growth rates of the autonomous components of demand and growth rates of aggregate demand – distinguished according to the implications for XY, GY, eY and BY. Arguably, the most desirable regions for policy makers would be regions 2 and 3, since only in these regions are both debt to income ratios declining (assuming of course that less debt relative to GDP is preferred to more by policy makers).

Figure 3 – combined public and foreign debt constraints
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However, given the assumption made above (p. 5) regarding the relative concern on the part of policy makers about public sector debt as a proportion of income, one could argue that, at least temporarily policy makers would tolerate being in regions 4 and 5, where eY is rising but bY is falling; with regions 1 and 6 being the least desirable of all.
 
Figure 4 below suggests one possible scenario that may confront policy makers. It serves also to illustrate the complexity of the demand-debt dynamics under consideration. Assume that the growth in demand in t-1 is equal to gdA and an exogenously given growth rate of export demand equal to gX. Since point F lies to the left of the initial FDC (FDC0), this combination of aggregate demand (and income between t and t-1) and export growth rates entails a rising foreign debt to income ratio between t and t-1. Suppose initially that the growth rate of government expenditure is gGA – i.e. point P, which, being on the initial PDC (PDC0), implies a constant public debt to income ratio between t and t-1.

It is also clear that point P and F imply a rising GY and falling XY respectively. On the basis of the discussion so far, these changes, together with the unchanged public sector debt ratio and a rising foreign debt ratio, will lead to shifts of the debt constraints to something like PDC1 and FDC1. Ignoring any changes in the growth rate of demand, these shifts clearly imply that, first, with an unchanged export growth rate, the foreign debt problem will be exacerbated, in the sense of requiring an even higher rate of growth of income than previously to stabilize foreign debt as a proportion of income (e.g. gdA1, gX); and second, to maintain an unchanged public debt ratio, either the rate of growth of income will have to rise or the rate of growth of government expenditure will have to be reduced (e.g. gGA1, gdA).
Figure 4 – one possible policy scenario
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But there is a further complication here. Because the original points P and F entail that gG > gX, then  (equation (11)) will be rising, and, assuming the rate of growth of autonomous demand, a, is initially below gG, a will also be rising (equations (12) and (13)). Equation (9) in turn implies that this will affect the rate of growth of aggregate demand, although this effect will be the sum of two opposing forces: a positive impact of rising a directly on gd; and a negative impact to the extent that a rising a pushes the warranted growth rate gw above gd. 
For the sake of argument and pursuing this scenario a little further, suppose the net impact of the rising rate of growth of autonomous demand on gd is positive, so that, in terms of  Figure 4, gd is pushed to the right of gdA, e.g. something like gdA2. This would of course require less of a cutback in the arte of growth of government expenditure, consistent with a stable public debt to income ratio and it would also work to slow the rise in the foreign debt to income ratio. 
Although crude and highly simplified one interesting possibility that suggests itself in the above discussion relates to the possibilities – including possible dilemmas - for policy makers concerning the rate of growth of government expenditure. 

The economy may well find itself in a position where the rate of growth of exports and income are such that the foreign debt ratio will rise if the rate of growth of exports does not rise. If the latter cannot be manipulated systematically, the only way a rise in the foreign debt ratio can be avoided (given the assumptions made in the paper so far) is if the rate of growth of income rises. Yet, to the extent that the latter is itself driven by autonomous demand, then the only possibility to avoid a rising foreign debt ratio is through a rise in the rate of growth of government spending. The obvious question here is the extent to which such a change in the rate of growth of government spending is consistent with the desired public debt outcomes of policy makers. More particularly, if the public debt constraint is non-binding, to what extent does a role for government expenditure exist in this sense?
4. Demand and debt dynamics I – the rate of growth of government expenditure
Unfortunately however, the framework above – specifically an analysis in terms of shifting PDC and FDC - is rather inadequate and cumbersome in addressing such questions; quite aside from the fact that for the most part the analysis so far has assumed that the expected rate of growth of demand has remained unchanged, so that the rate of growth of income mirrored that of demand, with a lag. Even with this assumption, the movements of both the PDC and FDC will be considerable even over a small number of periods.
For this reason we turn our attention in the following section to what might allow for a better grasp of the dynamics of demand and debt, viz., dynamic simulation of the model. For this purpose, we need to complete the model outlined above with some proposition about the determinants of the rate of growth of government expenditure, gGt.
With regard to this last question the approach adopted here, albeit crude, is to suppose that the rate of growth of government expenditure is an amalgam of three concerns by policy makers. First, and perhaps the least satisfactory assumption in this regard, at least in terms of conventional wisdom on fiscal policy, is that there may be a limited counter-cyclical role for this expenditure. Hence we assert that if actual growth for example falls short of the expected rate of growth of demand, there is a temptation to increase gG , ceteris paribus. Second, we suppose that concern about foreign debt has an influence on fiscal policy, via the belief that the current account deficit is influenced to some extent directly by the public sector budget balance. Third, we suggest that the influence of these first two considerations is all subject to an overriding concern that the ratio of public sector debt to income does not grow over time.

In putting together these three considerations in a compact form, suitable for a simulation exercise, we proceed by supposing that their influence on the rate of growth of government expenditure is more precisely via the ratio of government expenditure to income (as a possible measure of the size of the public sector). Thus
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Where
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 is the planned ratio of government expenditure to income for period t and   and are positive constants. 
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on the right-hand side of expression (24) represents the constraint imposed by an historical trend value of the government expenditure to income ratio. This trend value could be either an historical average or an historical peak. The second term on the right-hand side of (24) is the counter-cyclical aspect in government activity: it is assumed that in a cyclical upturn, where gd > gw, policy makers will be prepared to enforce
 a fall in the ratio of government expenditure to income and conversely, in a cyclical downturn where gd < gw. The third term on the right-hand side of (24) represents the negative effect of a rising foreign debt to income ratio of the government’s desired ratio of government expenditure to income.
For simplicity we assume that the warranted growth rate is equal to the rate of growth of autonomous demand from the preceding period. In other words, 
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The rate of growth of government expenditure associated the planned with GYpt is 
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Finally, bringing into play concern about the ratio of public sector debt to income, it is assumed that this takes the form of a desired maximum value for this ratio, equal to 
[image: image44.wmf]y

b

$

.
 
In sum then, the growth rate of government expenditure is assumed to be determined according to the following rule: 
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where 
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 is the public debt to income ratio implied by the rate of growth of government expenditure corresponding to 
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 and thus, in view of expressions (15) and (18) is given by 
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5. Demand and debt dynamics I – some dynamic simulations
Equations (4), (8)-(11), (15), (17)-(18), (22) and (24)-(28) provide the basis for a simulation of the dynamics of demand and debt. In particular, they constitute a recursive dynamic system: period t growth rates of demand actual and expected, the growth rates of output, government expenditure and autonomous demand, together with ratios of autonomous demand, exports, government expenditure, and public and foreign debt to income can be derived from the values of the same variables in previous periods together with the values of the parameters, t, m, r, c, , x, v,  and . Alternatively put, solved values of the endogenous variables for period t, together with parameter values, are sufficient to enable the solutions to the endogenous variables for period t+1.
Except where explicitly specified, parameter values and initial values for the lagged endogenous variables for all simulation are provided in Table 1 below.
Table  1
	c
	v
	x
	
	t
	m
	r
	
	
	gX
	

	0.65
	0.02
	0.01
	0.4
	0.24
	0.13
	0.05
	0.01
	0.05
	0.075, 0.045
	0.5
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	0.0554
	0.345
	0.045
	0.0521
	0.45
	0.45
	0.225
	0.12
	0.1
	1.875
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	0.0554
	0.042
	0.038
	0.033
	0.033
	0.0554
	0.0487
	0.036
	0.15, 0.1
	
	


Case 1:

Initial simulations of the model in fact considered what is in effect a special case of equations (24)-(27), but with  = 0 and thus no intended counter cyclical role for government expenditure. In particular, it is assumed that the constraint on the rate of growth of government expenditure takes the following form: 
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where  gG*t is the rate of growth of government expenditure required at time t to keep the public debt to income ratio, by, equal to by*, where by* is in turn given by
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In other words, the rate of growth of government expenditure is governed firstly, by the public debt to income ratio in the recent past, specifically, where it is lower than the starting value of the debt to income ratio, bY0. If its value in t-1 was lower, then this becomes the new desired value. Secondly, the rate of growth of government expenditure is conditioned negatively by growth in the ratio of foreign debt to income.
The starting point for the initial simulation, considered in terms of Figure 3 above, is to left of the FDC and below the PDC and the 45 degree line and thus in regions 5 and 4 respectively. 

Figure 5 (a) shows both short-run (50 periods) and long-run aspects (approx. 200 periods) of the system’s dynamics The dynamics of demand in this case are ruled by what effectively amounts to a cap on the rate of growth of government expenditure, gG; combined with the fact that the magnitude of gG allowed for by the PDC  - i.e. consistent with the expected debt to income ratio remaining constant – exceeds this cap. Hence, the cap effectively governs gG during the period of the simulation; therefore giving gG constancy for much of the simulation period. 

Since however, this cap on gG is at a level below that of gX, the rate of growth of autonomous demand will converge on the rate of growth of exports; and the rate of growth of aggregate demand is governed therefore effectively by the latter. 

Case 2:

The economy has the same initial position as for Case 1, but the rate of growth of government expenditure is now determined in accordance with expressions (27)-(28); with an historical peak by = 
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= 0.15 greater than the initial value of by0 = 0.1. 

As is evident from Figure 5 (b) (i), the system shows explosive behaviour of demand growth within 20 periods. Figure 5 (b) (ii) illustrates exactly the same case but with the accelerator coefficient, v, reduced (from 0.3 to 0.2). This reduction does stabilize the system’s behaviour to some extent though For most of the simulation period, the public debt to income ratio associated with gGp is less than the historical peak which sets a maximum to this ratio. Consequently, gG is determined for the most part by gGp. 

The question is why the rate of growth of aggregate demand is explosive? What appears to be driving the explosive growth are large magnitudes for the rate of growth of government expenditure, this in turn reflecting the dramatic reduction early in the simulation in the public debt to income ratio. The lower by becomes, the larger the rate of growth of government expenditure consistent with the historical peak ratio of public debt to income 
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. Hence gG rises without violating the condition imposed by expressions (27)-(28), and in turn, as it rises above gX, it pushes up the rate of growth of autonomous demand, a. Since the latter enters positively into the determination of the expected rate of growth of demand (equation (4)), it therefore also pushes up the actual rate of growth of aggregate demand. 
The more general problem suggested by this seemingly unstable dynamic interaction, especially when compared with the results for Case 1, is that, for the latter case, a limit is set on the growth of autonomous demand, viz., the cap on the rate of growth of government expenditure. For Case 2, there is no such limit: if growth in aggregate demand and therefore income is such as to produce declining debt to income ratios and in turn a rising “sustainable” rate of growth of government expenditure, then this rise will take place, increasing the overall rate of growth of autonomous demand. More significantly, if gG is rising with gd, then autonomous demand growth does not provide a “brake”, so to speak, on demand growth by lessening the impact of rising gd on the expected rate of growth of demand, gde (as it would in Case 1); even though expectations about autonomous demand enter into the calculation of the expected rate of growth of demand in both simulation cases above. 

In view of this problem, subsequent simulations proceed with an alternative formulation of expectations about demand growth, and specifically about the rate of growth of autonomous demand. In particular, we assume that producers form these expectations on the basis of a long-run historical trend component to autonomous demand and a part which reflects more recent changes in that demand. For simplicity, we therefore propose the following formulation for the expectation at time t of growth in autonomous demand between t and t+1: 
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where 
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is an historical average rate of growth for total autonomous demand and 
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 is a moving average of the total autonomous demand growth rate over the last n periods; and 0 <  < 1. aexpt replaces at-1 in expression (4).
Case 3: 

For this and subsequent cases we assume – partly because it seems a more interesting case – that the constant rate of growth of exports is somewhat lower than for Cases 1 and 2 above, viz., equal to 4.5% per period instead of 7.5%. This clearly puts places the economy’s initial position lower in relation to the initial FDC than for the two cases above. We also assume that the historical peak value of by = 
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= 0.1 and thus equal to its initial value of by0 = 0.1. Hence, we assume that the economy starts in a position where policy makers do not wish the public debt to income ratio to rise beyond its current level. 
Interestingly, at least in the short-run (approx. 50 periods) and medium-run (approx. 100 periods), having the expected rate of growth of autonomous demand is determined as in the equation (31) above is appears to impart considerable stability to the system, as suggested by the results for Case 3 depicted in Figure 6 (a). However, this additional stability is evidently reversed in the long-run, as can be seen from panel (b). Panel (c) of Figure 6 shows the same simulation over the long-run, but with  = 0 and thus with no counter-cyclical aspect to the determination of GYp, at least via a divergence between actual and warranted growth rates.
The interesting question of course is why the system becomes unstable – in terms of anti-damped cycles in growth rates – over time? The answer appears to lie mainly in the persistent long-run rise in the foreign debt to income ratio in this case in combination with the response of GYp and in turn the rate of growth of government expenditure, gG, to a rising foreign debt ratio. 
Particularly interesting in this regard is that the fluctuations in the growth rate of government expenditure are also increasing in amplitude over time; in turn, this entails larger fluctuations in the rate of growth of demand and income. As the rate of growth of income declines due to a decline in gG for example, this raises the export to income ratio XY, which works to slow down the rise in ey; but, the fall in the rate of growth of income works in the opposite direction, tending to raise ey. and the latter of these two effect will dominate. More significantly, as ey grows, the negative impact on GYp and hence on gG increases in absolute terms. In this way, the reaction of government expenditure to a rising foreign debt ratio turns out to be more than self-defeating – it appears to exacerbate the problem. 

A comparison of Figure 6 panels (c) and (d) lends some tentative support to this argument, in so far as a reduction in  (the coefficient determining the responsiveness of GYp to a rise in ey) tends to reduce the instability, though marginally. 
Case 4:

To consider this argument further, one possibility is to set  = 0, but with m positive, so that there is a discretionary counter-cyclical aspect to government expenditure, but no direct influence flowing from a rising foreign debt to income ratio. 

Simulation  results for such a case – Case 4 - are depicted in Figure 7 (a). The elimination of the negative influence of rising ey on the rate of growth of government expenditure, clearly does have a stabilizing effect on the system; however it does not prevent rising ey. It does however appear to slow the rate at which ey is rising over time. Presumably, as large cyclical increases in gG are prevented.

Of course, despite this stabilizing effect over the simulation period, the foreign debt position of the economic system arguably remains unsustainable.

The interesting implication would seem to be, at least in the context of the present model, that a sufficiently high enough rate of growth of income is required in order to stabilize the ratio of foreign debt to income. However, with the rate of growth of export expenditure constrained, and consumption and investment completely endogenous, the only source of long-run change in the rate of growth of income is long-run change in the rate of growth of government expenditure. 

More significantly, to the extent that the starting value of external debt as well as the values of other relevant parameters are such that the exogenous rate of growth of exports falls short of the external sustainability rate of growth of income
, constraint on the rate of growth of government expenditure, while consistent with fiscal sustainability, may not be consistent with external sustainability. Specifically, if gG is persistently below gX, then, given that the greatest of gX and gG ultimately govern the rate of growth of autonomous demand and given that the latter ultimately drives the growth rate of income, income will therefore be constrained below the external sustainability growth rate.
Case 5:

In response to the results so far, specifically Cases 3 and 4, a further modification to the model is considered. We suppose that when ey reaches a critical level, policymakers would seek to stimulate the rate of growth of income in an effort to stabilize ey; and that, to this end, policymakers would allow gG to rise. A first simple, albeit crude, way of allowing for this possibility is to assume that when ey reaches a critical level, policymakers calculate (on the basis of existing XY, r, m) the rate of growth of income and hence of aggregate demand required to stabilize ey at it’s present level and set gG equal to that rate.
The results of this are depicted in Figure 7 (b). It is clear that this action by policymakers eventually stabilizes ey, though not at its critical level (assumed to be 1.5). In other words, this stabilization takes time to work – a time period in which ey continues to rise. Perhaps more significantly, the consequence of the change to government expenditure policy in this case is a sharp rise in by, although this also eventually stabilizes. Lastly, both the share of the public sector in aggregate output (at least measured in terms of GY) and the rate of growth of the economy stabilize at considerably higher levels –the latter in effect being determined by the rate of growth of demand and output required to stabilize ey. 

The obvious difficulties with this scenario are, firstly, the preparedness of policymakers to live with the increase in public sector debt; and secondly, even ignoring this first difficulty, the possibility of growing at the higher rate required for external debt stabilization, without encountering inflation difficulties.
 Quite reasonably, the assumption that policymakers would raise gG to whatever level was required to stabilize the debt seems somewhat brave: arguably these same policymakers would consider other possibilities related to what taken as given in the present model, e.g. the exchange rate, interest rates. 
However, the present paper continues to take these as given and instead explores one further possibility in relation to the rate of growth of government expenditure; in part, as a means of shedding light on the relation between the system’s dynamics, including debt dynamics on the one hand and the growth of government expenditure on the other hand. 

Case 6:

As a final modification to the reaction by policymakers to an unsustainable external debt position and by way of contrast to the previous case, we assume a ceiling on gG, determined by 
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. When this constraint is not binding the external debt sustainable growth rate determines the gG. In other words, denoting the sustainable external debt growth rate of demand at time t as 
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; and denoting the level of gG associated, given the conditions at time t, with a public debt to income ratio equal to 
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In effect, this amounts to a combination of the previous case and the determination of gG in Case 3 above. The results for this simulation demonstrate (Figure 7 (c)), as expected, that since there is a constraint on the rate of growth of government expenditure, such that, in some periods, the external sustainable growth rate of aggregate demand exceeds the ceiling rate of growth of government expenditure, the long-run climb in the external debt to income ratio is not arrested; in contrast to Case 5. 
Moreover, a degree of instability appears to be generated in this case, in terms of a tendency to anti-damped cycles in the growth rate of aggregate demand. The key aspect of the result here again, as in earlier cases, is how the cyclical behaviour of economic activity is being driven by the external debt dynamics combined with an unsteady (because of  a maximum public debt requirement) growth rate of government expenditure. As ey rises beyond the policymakers’ desired level, gG is increased in order to increase the rate of growth in an attempt to arrest the rise in ey. For a period of time the rise in ey seems to be slowed, though not completely eliminated. And through this period gG is rising in line with the required growth rate of demand for external sustainability 
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. However, when by hits its ceiling, gG falls sharply, this impacting on gd . The fall in the growth rate of aggregate demand and the associated fall in the growth rate of income, leads to a sharp rise in the external debt to income ratio. 
In view of the results for Cases 5 and 6, it would seem that in order to prevent an unsustainable external debt trajectory, assuming that policy-makers are not prepared to countenance the public debt to income ratio associated with a stabilization of the debt along the lines of Case 5, it will be necessary to arrest a rising external debt to income ratio at much lower levels. 

One other suggestion which arises out of the preceding results  a government expenditure rule rather than a maximum limit maybe appropriate for trying to arrest the growth in the external debt to income ratio; to the extent that the latter appears to contribute to fluctuations in demand growth rates, which in turn, seemingly paradoxically, tends to exacerbate a rising foreign debt to income ratio. 
6. Conclusion 
This paper has attempted to shed some light on the dynamics of growth and debt in terms of a demand-led growth model. In particular, it has focused primarily on the dynamics associated with a situation where one of the two autonomous components of demand is beyond control for policy makers; while their use of the component under their control – government expenditure – is subject to both a public debt constraint and a foreign debt constraint. 

Interestingly however, the constraints need not have consistent implications for the appropriate rate of growth of government expenditure: stabilizing foreign debt as a proportion of income may require stronger demand growth; and, particularly a rate higher than export demand can generate. Yet the use of government expenditure as a means of securing the necessary growth rate may well be inconsistent with the desired public debt to income outcomes of policy makers.  

Quite aside from this problem of consistency, the discussion above does point to some difficulty with discretionary government expenditures, particularly geared in some flexible way to the behaviour of a foreign debt ratio; at least to the extent that such expenditures do lead to significant changes in output growth, particularly with lags.
But this argument, it is important to note, to the extent that it highlights difficulties with discretionary government spending, as distinct from a steady “rule”, is quite distinct from an orthodox position about the neutrality of such expenditure with regard to output growth. As suggested in the Introduction to this paper, the latter position is not one with which the present paper accords. Indeed, the difficulties highlighted above arise precisely because of real impacts of government expenditure, and not because of the absence of such effects. The chief difficulty suggested by the discussion above is that discretionary government expenditure may, via fluctuations in the rate of growth of aggregate demand, generate unsustainable external debt trajectories. 
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(a) Case 4: Medium and long-run: q = 0, m  > 0
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� A reasonable interpretation of Australian experience of the last two and a half decades would put the current account of the balance of payments as a proportion of GDP and the public sector debt to income ratio as the overriding concerns in relation to fiscal policy. 


� For controversy on this assumption see Park, 2000, Barbosa-Filho, 2000, White, 2006, Cesaratto, et.al., 2003, Palumbo and Trezzini, 2003.


� This approach to the modeling of the expected growth rate is used for a two-sector model where fixed capital is taken account of explicitly in White, 2008.


� Expression (5) implies that the decision about output in period t, unlike the decision about investment, can be made after having observed demand at the junction of t and t-1, i.e Dt-1. One might see this as problematic, given that demand for circulating capital cannot be known prior to knowing the level output. We abstract from this matter entirely. If there remains an element of truth in this procedure it lies in the effective assumption that the forecast of demand in regard to output decisions is over a shorter length of time than that for the investment decision.


� Hence, if the expected rate of growth of demand remains is unchanged between t and t-1, then the growth rate of output will track the growth rate of demand, with a one-period lag, i.e. � EMBED Equation.DSMT4  ���


� We leave aside the issue of whether monetary policy, but affecting on interest rates on public sector debt, thereby influences the relationship between the public sector expenditure to income ratio and the public sector debt ratio. To the extent that the objectives of monetary policy are elsewhere, viz., inflation control, this may seem such an heroic assumption.


� Thus, it is only at a point of intersection of the PDC and 450 line where both by and Gy are constant and the PDC is not shifting. But if the PDC is steeper than the 450 line, such an intersection – in positive space – would require that the vertical intercept of the PDC be negative and thus that there is a total deficit (which is of course can coexist with a primary budget surplus).


� The horizontal intercept is given by � EMBED Equation.DSMT4  ���. Differentiating this with respect to Gyt-1 yields � EMBED Equation.DSMT4  ���  which is positive provided � EMBED Equation.DSMT4  ���, which is clearly the case with a total budget surplus (i.e. � EMBED Equation.DSMT4  ���). With regard to the vertical intercept, � EMBED Equation.DSMT4  ���, the differential of this with respect to Gyt-1  is � EMBED Equation.DSMT4  ��� which is in turn clearly negative with a total budget surplus.


� In particular, using long-run historical values for the Australian economy (see Table 1 below and also footnote 7 below).


� Differentiating � EMBED Equation.DSMT4  ��� with respect to both Gy and by gives � EMBED Equation.DSMT4  ���. The sign of this differential depends on the relative size of dbyt-1 and dGyt-1 as well as the relative size of the coefficients r.(Gyt�1+t) and (2t�byt-1.r) which are both positive.


� Again, which appears to accord with historical data for Australia.


� A comparison of the implications of points A and C is interesting in this regard. Since both points are below the 45o line, XY will be falling in both cases. However, point C entails a rising eY while point A entails a falling eY. But the FDC is shifting in the same direction – upwards; meaning that in order to prevent a rising debt in the future the rate of growth of exports has to be higher than previously for any given growth rate of demand. Interestingly the upward shift is larger in relation to point A, even though eY is falling. The most reasonable interpretation of this is that the larger apparent fall in the ratio of exports to income XY associated with point A (i.e. the excess of the growth rate of demand, and, by assumption, income over the growth rate of exports is larger at A) is sufficient to offset the fact that point C entails a rising eY while point A entails a falling eY.


� Of course, at any point in time policy makers may find themselves in two different regions, since the rate of growth of exports and the rate of growth of government expenditure will typically differ. 


� The word “enforce” here seems appropriate: cyclical fluctuations in economic activity should see some tendency to counter-cyclical movements in the size of public outlays as a proportion of income, by virtue of automatic stabilizers. In effect, expression (24) assumes, with   > 0, that there will be some discretionary changes in the rate of growth of government expenditure consistent with the direction of such automatic stabilizers.


� Albeit quite crude, this assumption in turn reflects the notion that in a model with autonomous demand components, the steady state rate of growth will be equal to the rate of growth of autonomous demand. We do not enter into recent controversy on this notion (cf. White, 2008; Cesaratto et. al., 2003, Palumbo and Trezzini, 2003, Park, 2000 and Barbosa-Filho, 2000), though a fuller analysis of the issues examined here would certainly need to address the adequacy of expression (25) in light of this controversy.


� For policy makers this for example could be the peak in the ratio over the recent past.


� That is, the rate of growth of income, given the preceding period’s Xy, consistent with a constant ey.


� These difficulties could of course arise quite independently of proximity to a full-employment ceiling, e.g. because of a sustained depreciation in the currency as a result of adverse market sentiment following a dramatic rise in the rate of growth of government expenditure and the share of the public sector is aggregate output.
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