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1 Introduction

The purpose of this paper is to study the dynamic interaction between economic growth,

labour market characteristic and population growth in a general model of economic growth.

Our results show a potential role for state intervention and labour market institutions in

order to enhance growth and reduce its instability.

Economists and international organizations have argued that labour market institu-

tions have produced rigidities that account for the persistently high unemployment expe-

rienced by much of the developed world over the last two decades. However, traditional

theories of economic growth assume full employment; that the labour market is always in

equilibrium. Another drawback of the neoclassical growth theory has been in considering

an exogenous growth rate of the labour supply.

This paper aims to complement the neoclassical growth literature by elaborating on

a general and simple framework of economic growth with unemployment. The labour

market situation is introduced through a non-market real wage clearing modelled by a

non-linear Phillips Curve. It is in the line with those theories of the labour market where

wage determination depends in a general way on a bargaining context (Layard and Nickell,

1985, 1986). Then, by following the literature of endogenous population growth (Becker

et al., 1990; Jones, 2001; Galor and Weil, 2000), it is assumed that labour supply is

determined through micro-founded fertility choices of individuals.

The dynamical results of the model are as follows. Unemployment rate and per capita

income dynamics fluctuate along cycles of different periods, and they may even have ape-

riodic paths. We show that characteristic of labour market institutions is the endogenous

source of instability. In particular, as the rigidity of the labour market increases, the

possibility of irregular behaviour increases as well. Moreover, in the same line as wage
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bargaining models, we get the result that the higher workers’ bargaining power, the lower

both employment rate and per capita production. Next, the introduction of endogenous

population growth generates a demographic transition that affects the dynamics of un-

employment and economic growth rate. Specifically, instability decreases (rises) when the

population growth rate is growing (decreasing). This dynamic result is related to the pop-

ulation’s age structure. A young labour force could smooth fluctuations caused by labour

market rigidities.

The remainder of the paper is organized as follows. In section 2 we explain the model

and its main hypothesis. In section 3 we analyze the dynamic behaviour of the model’s

variables. In Section 4, we extend the wage dynamics foundation with a more realistic

assumption regarding wage behaviour. In Section 5, we introduce endogenous population

growth in the model. The conclusions of the paper are summarized in section 6.

2 The model

2.1 Final Good and Knowledge Production

There is a single economy that produces a final good Yt. The market for this good is

perfectly competitive. The aggregate production function is:

Yt = F (Lt, ht) = μ (γhtLt)
α , 0 < α < 1, 0 < γ < 1, μ > 0. (2.1)

The labour input is measured in efficiency units htLt, where Lt denotes physical labour

and ht is the stock of knowledge, or labour-augmenting technical progress. μ is the sector

productivity and γ is the fraction of time that people devote to the production of final

goods. For simplicity, physical capital is constant (Aghion-Howitt, 1998), which could be

included in the parameter μ.
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Technological progress evolves according to

ht+1 = eδ(1−γ)ht, 0 < δ < 1, (2.2)

where (1− γ) is the fraction of time devoted to technological progress and δ is the pro-

ductivity of the sector1 .

Regarding, saving and investment decisions, if Lt is used in the production of final

goods and if the economy does not invest in knowledge, the final production (potential

product) would be Ỹt:

Ỹt = μ(Lth)
α.

The diference between the production levels:

μ(Ltht)
α − μ (γLt)

α hαt = (1− γα) Ỹt

shows the opportunity cost of the use of labour inputs in the production of knowledge

instead of final goods. This diference is interpreted as the total savings of the economy.

This framework encompasses specific growth models as special cases. γ can be ex-

ogenous (Sollow, 1956; Cass-Koopmans, 1965) or endogenous (Romer, 1990; Lucas, 1988;

Grossman and Helpman, 1990; Aghion and Howitt, 1992). On the other hand, h could

be considered any factor that causes sustained growth: technical progress, knowledge in

the tradition of endogenous growth models or human capital. For simplicity, γ is assumed

1 Note that equation (2.2) is linear. It is an approximation of the general linear modelling of technical
progress in the literature of economic growth:

ht+1 = ht + htδ (1− γ) 0 < δ < 1.

Because δ represents the knowledge productivity in each period its value is close to zero

1 + δ (1− γ) ∼ eδ(1−γ),

so equation (2.2) is a good approximation to those. It is considered because it simplifies the later analysis
considerably.
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exogenous. So, in the tradition of Solow model (1956) an exogenous constant fraction of

output is saved in each period.

2.2 Consumers-Workers

Each individual is endowed with one unit of time that can be used either in producing the

final good and/or in producing knowledge. Labour is supplied ineslastically. At the end

of each period, individuals receive all the income from labour supplied in these activities,

and all labour is paid at the same wage2 denoted by wt. The income not previously saved,

in the terms explained in the prior section, is spent on consumption3 . So, in each period

the total demand for the final good is equal to the wage income paid at the end of the

previous period:

Dt+1 = Ct+1 = wtLt, (2.3)

where Dt+1 is total demand in period t + 1, Ct+1 is total consumtion in period t + 1, Lt

is total employment, and wtLt is the total wage income paid at the end of period t.

On the other hand, population N grows at the fixed exogenous rate n. Moreover,

consistent with the empirical evidence4 , the total population is a constant fraction of the

labour force A, N = λA (λ > 1). Thus,

At+1

At
=

Nt+1

Nt
= 1 + n, n > 0. (2.4)

2 The model can easily be rewritten in terms of a two sector economy, in which there exists a constant
proportionality between the populations devoted to the production of final goods and knowledge, and
workers are paid at the same wage.

3 Under some parameters constant save and consume fractions result from an optimization household
problem (Barro and Sala-i-Martin, 1995). The Solow model could be rewritten in terms of an optimization
household problem.

4 For example, in Spain this relation is rather stable, although less than in other European countries,
except during particular periods such as when women were incorporated into the labour market.
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2.3 Production of Final Good and Labour Demand

The productive sector produces whatever individuals demand. The production process

for the final good takes one period. In each period, final production is equal to the total

demand in the next period, which we assumed is known by the productive sector,

Yt = Dt+1.

Substituting the demand and supply expressions

μ (γLtht)
α = wtLt, (2.5)

and solving for Lt, we get the total labour demand of the economy

Lt =

µ
μ(γht)

α

wt

¶ 1
1−α

.

At the beginning of each period, the productive sector demands labour in such a

way that supply of goods equals demand in the next period. Increasing knowledge raises

employment because of the increase in demand, and thus in production, more than the

increase in productivity. For this reason, employment depends positively on knowledge

parameters5 .

2.4 Wage Dynamics

The labour market is in disequilibrium and wage dynamics is determined by this disequi-

librium. In particular, we assume a Phillips equation, where wages are increasing with the

rate of employment

wt+1

wt
= h (lt) , h0(l) > 0,

5 Most of the economic literature has shown the negative relation between growth and unemployment
(Pissariades, 1990; Bean and Pissarides, 1993), except for the positive relation between unemployment
and growth (technological unemployment) in ”creative destruction” models (Aghion and Howitt, 1992),
based on the ideas of Schumpeter (1934). Bean and Pissarides suggest that the relationship between both
phenomena is ambiguous because both variables can be endogenously and jointly determined, which implies
that the relationship between them depends on exactly which economic structure we are considering.
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where lt = Lt
At
is the rate of employment.

In particular, we consider the following non linear curve:

wt+1

wt
= exp (−a+ blt) , b > a > 0. (2.6)

Since pioneer authors (Phillips, 1958; Lipsey, 1960), the nonlinearity of the Phillips

Curve has been maintained. Near to full employment firms raise wage rates in order to

attract the most suitable workers. But, when unemployment is high, workers are unwilling

to accept wage reductions. For simplicity, most models introduce a linear approximation

in line with Goodwin (1967). However, he states that the linear approximation is “quite

satisfactory for moderate movements of l near to the point 1”. So, we think that a

nonlinear reformulation of the Phillips Curve is necessary6 .

The log-linear formulation is the most simple, because the logarithm is linear; the

habitual linear formulation is attained with a simple linearization. For this reason, it is

assumed. The dynamic results of the model, shown in the next section, are independent

of the specific log-linear modeling considered. Initially, we introduce equation (2.6) for

analytical tractability. It will be discussed later.

The functional relationship between wage dynamics and the rate of employment is

ilustrated in figure 1.

(Figure 1 about here)

Introducing imperfections in the labour market through wage dynamics is common

in disequilibrium models7 (Chiarella and Flaschel, 1999; Chiarella et al., 2000). This

6 Also, the Goodwin model presents an economic inconsistency: l could be greater than one. Desai et
al. (2003) prove that by introducing a nonlinear Phillips Curve, or assuming that a fraction of capitalist
profits are not invested; l < 1 is guaranteed.

7 There are two groups of growth models in which the possibility of unemployment is contemplated: the
Regime Switching Models (Ito, 1978, 1980; Henin and Michel,1982) and Disequilibrium Macroeconomic
Models with Money (Chiarella et al., 2000). Although different in purpose and ideas from our paper, both
works have in common that labor market disequilibrium is introduced also by a Phillips Curve.
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modelization tries to introduce, in a simple way, the ideas of the New Keynesian Economics

literature (Mankiw and Romer, 1991). The labour market disequilibrium is caused by

different imperfections which explain wage and price rigidity from the optimizing behavior

of individuals: eficiency wage, insiders-outsiders, and the wage bargain between employers

and unions8 ,9 .

Finally, regarding a and b we make the following assumptions. On the one hand, in

order to guarantee that wages do not rise when l = 0, it is necessary that a > 0, that is,

e−a < 1. On the other hand, under full employment, the growth of wages must be high,

so that b− a is large; in particular we require eb−a > 1. Therefore, we assume b > a and

a > 0. As will be explained, these parameters are usually characteristic of labour market

(Pohjola, 1981).

3 Dynamic Analysis

3.1 The dynamics of lt

Beginning with the decision regarding the production of final goods we get:

Yt+1
Yt

=
Dt+2

Dt+1
,

and substituting the expressions for production and demand:

µ
ht+1
ht

¶αµLt+1

Lt

¶α

=
wt+1

wt

Lt+1

Lt

Using equations (2.2) and (2.6), taking logarithms and then exponentials, we obtain

8 Generally, the theoretical elements of bargaining models are modelled in terms of a “wage curve”
(Blanchard and Oswald, 1995), which captures the inverse relation between employment and wages instead
of their growth rate. This can be get from union-firm optimization problems. However, Chiarella et al.
(2000) assert: “the theory based level form formulations of such wage and price equations should be
reducible to rates of growth, possibly considering demand as well as cost pressure terms”.

9 However, this wage determination can also be interpreted in terms of neoclassical labour market
(according to Lipsey view (1960)) with a "natural rate of unemployment" where unemployment can be
considered "voluntary" (Manfredi and Fanati, 2003).
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the following nonlinear dynamic equation for the employment rate:

lt+1
lt
=

1

1 + n
exp

µ
αδ (1− γ) + a

(1− α)

¶
· exp

µ −blt
(1− α)

¶
.

Letting r = 1
1+n exp

³
αδ(1−γ)+a
(1−α)

´
and s = b

(1−α) the equation is reduced to a one-dimensional,

nonlinear discrete time dynamical system:

lt+1 = f(lt) = r exp (−slt) lt. (3.1)

Equation (3.1) is known as the Ricker-Moran equation (Ricker, 1954; Moran, 1950;

Cook, 1965; Macfadyen, 1963), and has been employed in ecology, especially in the study

of fish populations. The dynamics of this equation are well documented in the ecological

and mathematical literature (May, 1975). We briefly summarize the main results (see

May, 1975; May and Oster, 1976).

Lt may not equal labour supply, so we could get unemployment Lt < At. Similarly,

we could get Lt > At, that is, the production sector’s demand for labour could be ra-

tioned. Because our objective is to explain the dynamic relationship between growth and

unemployment, this last case will not be analysed. Therefore, we make the neccessary

assumptions in order that Lt ≤ At, and the market for the final good is always in equilib-

rium (Pohjola, 1981). In particular, we assume b+α > 1 and r < es in order to guarantee

that Lt < At is always satisfied; that is l < 1.

Table 1 summarizes the dynamics for each value of r (the parameter s affects the value

of equilibrium points, but does not affect the behaviour of the dynamical system).

(Table 1 about here)

This shows how increasing r gives rise to a sequence of stable points of period 2n.

Although this bifurcation process produces an infinite sequence of cycles of period 2n it is
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bound by some parameter value (rc ≈ 14.767075). Beyond this limit point, we enter in the

“chaotic” regime which is characterized10 by a finite number of attracting fixed points,

an infinite number of repelling fixed points, and an uncountable number of points (initial

conditions) whose trajectories are totally aperiodic. Periodic doubling is an example of a

“route to chaos”; the way in which the dynamics of a system change as a parameter is

changed, leading ultimately to the appearance of chaos.

Figure 2 shows the erratic behaviour which is a characteristic of a regime of chaos

generated by the Ricker-Moran equation for a value of r in the chaotic regime, r = 18.

(Figure 2 about here)

The Ricker-Moran equation (3.1) is generated only with log-linear Phillips Curves. As

explained previously, this modelization is plausible from an economic point of view. In

the following we show how the labor market situation, represented by the Phillips Curve,

is the source of chaos.

By taking standard values for the parameters α, γ, δ and n (Lucas, 1988; Barro and

Sala-i-Martin, 1995), the possibility of chaos is “reasonable” from an economic point of

view only if a is bigh enough. In particular, for α = 0.8, γ = 0.7, δ = 0.1 and n = 0.02 must

be bigger than 0.78372. The parameter a determines the elasticity of the wage’s growth

to the employment rate. As is known, the more sensitive the growth wage to changes in

employment rates, the higher the flexibility in the labour market. Since a bigger a (that

is r) implies a lower elasticity, the model predicts that the more imperfect the labour

market11 the greater the possibility of instability. So, given the standard values of the

10 A sufficient condition for the existence of topological chaos may be established by the Li-Yorke theorem
“Period Three Implies Chaos” (1975).

11 The rigidity of the labour market is explained from different imperfections such as cost of mobility,
informational imperfections, mismatch between the workers seeking jobs and, the vacancies available,
minimum wage and union wage setting, etc.
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other parameters, r could be interpreted to reflect labour market rigidity.

The parameter b also determines the elasticity of the wage, but it does not affect the

dynamic behaviour of the unemployment rate. The greater the value of b, the greater

s = b
1−α , and the lower the employment rate. Because s can be interpreted as reflecting

workers’ bargaining power, since, given a, an increase in b (that is in s) implies a greater

growth of the wage (Pohjola, 1981), the model implies (in the same way as bargaining

wage models (Layard and Nickell, 1985, 1986)) that a lower unemployment rate goes

along with greater bargaining power. Taking into account the parameters that determine

r, the employment rate increases with the effectiveness of investment in human capital δ,

the fraction of time devoted to knowledge accumulation (1− γ), the production function

returns α, and the parameter a. As was discussed earlier, in economies with excess demand,

increasing knowledge raises employment because of the increase in demand, and thus in

production, more than the increase in productivity. For this reason, the employment rate

depends positively on knowledge parameters. As far as population growth is concerned, we

find that the employment rate and irregular behaviour decrease with population growth.

3.2 The dynamics of yt

The the rate of economic growth is

yt+1
yt

=

µ
ht+1
ht

¶αµ lt+1
lt

¶α

(1 + n)α−1 = z ·
µ
lt+1
lt

¶α

, (3.2)

where z = eδ(1−γ)α (1 + n)α−1. So, the rate of economic growth depends of the evolu-

tion of the employment rate and the parameter z. The qualitative conclusions obtained

concerning the dynamics of the employment rate apply directly to the growth rate.

The numerical simulations show that, whenever z < 1, the growth of knowledge pro-

ductivity does not absorb population growth, and the per capita production of the economy
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yt+1 tends to be zero. This is because we have assumed than h depends on the fraction

of time that individuals devote to knowledge production instead of the total number of

workers employed in this sector12 .

However, in order for the economy to disappear, the values which must be taken by

the rate of population growth are unrealistic13 . Considering realistic values of n, the

economy would disappear only if it does not invest in knowledge (γ = 1) or or if it does

at an infinitesimal level. This result coincides with the Malthusian idea concerning the

stagnation of the economy. As the population rises, in a non-industrialized economy and

with limited resources, at some moment the amount of food falls below the subsistence

level. This leads to a situation in which the economy is stagnant, and where the population

no longer rises. So, in the same way as traditional models of growth, sustained growth is

due to knowledge production or technological change, in particular, to the productivity δ

and the fraction of time devoted to knowledge accumulation (1− γ).

Equation (3.2) also shows that, as far as workers’ bargaining power b goes, lower levels

of the rate of economic growth are associated with higher bargaining power; this is because

greater bargaining power implies greater unemployment, and so, less resources are used

(Davieri and Tabellini, 2000; Alonso, Echevarría and Tran, 2002).

If z > 1, per capita income shows a long term positive growth trend that is sustained

by knowledge production, and its dynamics behaviour depends on the dynamics of the

12 This assumption eliminates the so-called “scale effect”: that population size affects human capital
accumulation and economic growth positively (Romer, 1990; Grossman and Helpman,1991; Aghion and
Howitt, 1992). In our model, if we consider that technological progress depends on the total number
of workers employed in this sector, the scale effect would cause an overflowing of human accumulation,
economic growth and employment when the population’s size is large. Moreover, we must choose the initial
population size, which is too arbitrary. For that reason we have chosen modeling (2).

13 See Kremer (1993) for the evolution of world population growth rate since one million years B.C.
through 1990. The greatest rate of growth was 2.01% in 1960. So, for example, the parameters values that
we have considered and n = 2%, z = 1.01822.
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employment rate14 . The qualitative conclusions obtained about the dynamics of the

employment rate apply directly to per capita income yt. Again, the flexibility of the

labour market determines the dynamics behaviour of per capita income. For example, for

a value of r in the chaotic regime r = 18 (figure 3) the trajectory of yt is quite irregular15 .

Once more, workers’ bargaining power does not affect the dynamics of per capita income.

(Figure 3 about here)

The earlier works that show the possibility of irregular dynamics and chaos in neoclas-

sical growth models (see the introduction) get a nonlinear discrete dynamical system for

the economic growth rate very similar to the Ricker-Moran equation; the Logistic equation

(May, 1975; May and Oster, 1976). In these works the possibility of chaos is also related

to the existence of market imperfections.

Finally, most of the neoclassical theory of growth focuses on explaining the positive

trend of income growth, and it does not normally take into account the existence of the

periods in which income decreases, and in those cases when it does the decreases are

generated exogenously. Although the model generates a positive income growth trend

for all numerical simulations, in figure 6 we can see periods in which per capita income

decreases yt+1
yt

< 1, which is consistent with what we see in the real world.

4 Wage Dynamics Extension

Looking at the trajectories of employment and per capita income, the size of the oscillations

of the time series are large when compared with real world behaviour. The reasons for

this result are the simple nonlinear modelings in some of the economic relationships that

14 For z = 1, the positive growth trend disappears. However, the parameter values for which z = 1, in
particular the value of n, are not realistic for the same reason that we have already explained for z < 1.

15 In figure 3, a = 0.62. The remaining parameter values are the standard values.
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we have assumed, for example the wage dynamics. In this section we will now show how

introducing more realistic assumptions about the nonlinearity of the Phillips Curve, in

particular for l values with neither full employment nor total unemployment, the size of

the oscillations decreases and are close to full employment. In particular, we consider the

following alternative modeling of the Phillips Curve:

wt+1

wt
= h(lt) = exp

¡−a+ blσt + c (1− lt)
−ε¢ , (4.1)

with a, b, c > 0, 0 < σ < 1, 0 < ε < 1, the resulting behaviour is illustred in figure 4.

(Figure 4 about here)

We have made the following assumptions. First, we assume there is a large area, corre-

sponding to an interval (ε1, 1− ε2) with ε1 and ε2 small, where wages are very insensitive

to employment changes. This modeling considers, in a more precise way, wage behaviour

far from either full employment or total unemployment, and it is based on Rose 16 (1967):

“In some neigbourhood of the l at which unemployment is balanced by unfilled vacancies,

frictions and imperfections weaken the responsiveness of wage inflation to changes in l”.

Secondly, we assume a vertical tangency l = 0 in order to capture the rapid fall of

wages17 when the rate of unemployment is very close to 100% (l close to 0). Finally, we

assume a vertical asymptote at l = 1. This asymptote is designed to reflect the fact that

with near to full employment it is more and more difficult to hire workers18 and the labour

16 Rose introduces a kind of nonlinearity in Phillips Curve with the purpose of preventing local explosive
dynamics. The qualitative behaviour which he obtained is similar to the dynamic behaviour that we get
with the curve assumed here.
17 Some macroeconomic growth models with money and disequilibrium (Chiarella et al., 2000; Chiarella

and Flaschel, 1999) assume the so-called “kinked” Phillips Curve. This curve is an extreme case of the
nonlinear Phillips Curve because it introduces downward rigidity in nominal wages; wages are constant if
the growth rate is negative. They affirm that this curve is more realistic than assuming the possibility of
wage decreases. The objective of this work is to extend the habitual nonlinearity of the Phillips Curve,
a “kinked curve”, and to use numerical simulations to show how the dynamical behaviour of the model
changes drastically and would be able to generate chaotic paths.

18 This assumption is very usual both in theoretical work which introduces the Phillips Curve (Phillips,
1958; Lipsey, 1960; Samuelson and Solow, 1960; Rose, 1967; Chiarella and Flaschel,1996) and in empirical
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market pressure accelerates the growth of wages; with which near to full employment would

be huge.

Taking into account the Phillips Curve (4.1), the dynamics of the employment rate are

lt+1 = f (lt) =
1

1 + n
exp

µ
(α+ β)δ (1− γ)− q(lt)

(1− α)

¶
, (4.2)

where now q (lt) is

q(lt) = −a+ blσt + c (1− lt)
−ε .

In figure 5 we have drawn the intertemporal evolution of lt for normal parameter values

and set the parameters of the curve (4.1) at a = 1.716, b = 1.455, σ = 0.01, ε = 0.1. As in

the previous section, the parameter values of the Phillips Curve have been choosen so that

the case l > 1 is excluded. The resulting lt dynamics is irregular, since we are now close

to full employment values. The dynamics behaviour of (4.2) is qualitatively similar to the

function (3.1). Both are unimodal functions which generate cyclical temporal evolution of

the rate of employment. The difference is that the oscillations are now much more close

to full employment values19 .

(Figure 5 about here)

As in the same approach in the previous section, the instability is transferred to per

capita production dynamics (see figure 6):

(Figure 6 about here)

In conclusion, as we postulated at the outset, the simple adaptation of the Phillips

Curve to theoretical patterns that fit better, its assumed behaviour is enough to generate

more realistic intertemporal evolutions of the employment rate and per capita production.

work (Chadha, Masson and Meredith, 1992; Laxton, Meredith and Rose, 1995; Clark, Laxton and Rose,
1996).

19 We emphasize that the Ricker-Moran equation is generated independently of the log-linearity consid-
ered.
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5 Endogenous population growth

Following the standard models of endogenous population (Becker et al., 1990; Jones, 2001;

Galor and Weil, 2000), it is assumed that labour supply is determined through micro-

founded fertility choices of individuals, in which households choose the number of children.

Let us assume that the representative family’s preferences are represented by the fol-

lowing standard log-linear utility function:

U(ct+1, bt+1) = c1−t+1bt+1, 0 < < 1,

where c is the per capita consumption and measures the preference for children. At every

point of time t each family choice determines the number of children b, who will be born

in the next period t+ 1.

The cost of childrearing Et includes both the cost of raising a child, regardless of

quality, θ1, and education cost et = θ2h
ρ
t :

Et = θ1 + θ2h
ρ
t , 0 < ρ < 1.

θ1 is considered as a fixed “maintenance” cost (e.g. food, clothes), and the education cost

et depends on the medium level of knowledge20 .

Given these assumptions, each family’s static optimization problem21 is

maxU(ct+1, bt+1) = c1−t+1bt+1 (5.1)

s.t. ct+1 + (θ1 + θ2h
ρ
t )bt+1 = yt.

20 Schultz (1975) claimed that new technology will create a demand for skilled workers to analyze new
production processes. So, education cost would depend on knowledge h.

21 Some models of endogenous population growth introduce altruism in the parent’s utility function
(Becker et al. 1990). This assumption implies both of the dynastic utility functions considered, and solves
dynamic optimization problems of the Bellman equation type. By considering some very simple assump-
tions: “the more standard dynamic optimization problem reduces to the sequence of static problems” (see
Jones, 2001, p. 5)
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The last equation is the income constraint, where yt = Yt
At
is the per capita income. Solving

problem (5.1) we get that the optimal number of children for a representative family at

each time22 t

bt+1 =
yt

θ1 + θ2h
ρ
t

, (5.2)

and b can be interpreted as the fertility rate. In line with endogenous population growth

literature it depends positively on the per capita income and negatively on the medium

level of knowledge. As individuals receive all income from labour supplied, yt = wtlt, the

fertility rate can be written as:

bt+1 =
wtlt

θ1 + θ2h
ρ
t

.

Finally, in order to obtain the population growth rate, we assume a constant mortality

rate23 π. Taking this rate into account, the population growth rate n is given by:

nt =
At+1

At
− 1 = Nt+1

Nt
− 1 = −π + 1

λ
bt+1. (5.3)

5.1 The dynamics with endogenous n

The economic growth model with unemployment and endogenous population growth is:

lt+1 = f (lt) =
1

1 + nt
lt exp

µ
αδ (1− γ)

(1− α)

¶
[h(lt)]

1
1−α (5.4)

ht+1 = exp (δ (1− γ))ht

wt+1

wt
= h(lt) = exp

¡−a+ blσt + c (1− lt)
−ε¢

yt+1
yt

= exp (δ (1− γ)α)

µ
1

1 + nt

¶1−αµ lt+1
lt

¶α

nt = −π + wtlt
λ (θ1 + θ2h

ρ
t )
.

22 In the endogenous population models every period usually is considered a period of life (generation).
But according to the logic of production, investment, employment and wages that we are assuming, the
periods will be shorter than periods of life. Parent determine the flow of births per unit time, rather than
the overall stock of children during its lifetime.

23 Blanchard (1985) states that “Evidence on mortality rates suggests low and approximately constant
probabilities from age 20 to age 40,” after this, mortality rates depend inversely and exponentially on
individual age (see “Gomperty’s Law,” Wetterstrand, 1981).
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Because of the high analytical complexity of the model we limit its study to some

numerical simulations (by using MATLAB). Like in the previous sections, the parameter

values have been choosen excluding l > 1. There are no empirical studies that reveal

standard values for population problem parameters. In general, they are chosen ad hoc

in theoretical studies. In order to present the dynamic results, we set = 0.02, θ1 = 0.3,

θ2 = 0.01, ρ = 0.6, π = 0.01, λ = 1.6, and the initial values y0 = 1, h0 = 10, l0 = 0.9. We

get a wide enough interval of values for the temporal evolution of the variables satisfying

l < 1. All the simulations made show the same behaviour in this interval of values which,

due to the restriction of labour market disequilibrium, could be relatively small.

The dynamic analysis shows the endogenous emergence of a logistic behaviour in the

population growth rate describing its historical evolution (see figure 7). The large number

of simulations carried out showed that this is a robust property of the model for acceptable

changes in parameter values.

(Figure 7 about here)

The evolution is characterized by a stage habitually named Post Malthusian, where

population growth rate increases and, after a transition phase, a modern growth stage fol-

lows where n decreases and tends to stagnate (Galor and Weil, 2000; Galor 2005). For low

levels of knowledge development the education cost is small and income growth raises the

fertility rate. But for high levels of knowledge development education cost rises inducing

parents to have fewer, but more high-quality children. It generates a demographic transi-

tion, that is, an economy transitions from a high fertility and low knowledge accumulation

stage to a low fertility and rapid knowledge accumulation stage24 .

24 Because human capital is not a family choice, the model is abstracted from the so-called quantity-
quality trade off in the literature of endogenous population growth (Galor and Weil, 2000; Galor, 2005).
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Besides the logistic behaviour of population growth, Figure 7 shows the behaviour of n

during the different phases. In the stage previous to the transition n oscillates regularly or

periodically, in the transition stage it shows a very regular behaviour, and in the last stage

it oscillates in an erratic way. The reasons for this result could be the simple modelization

in the birth rate that we have assumed. The model attempts to be representative of a

developed economy, and some assumptions are not appropriate for explaining the tran-

sition from an agricultural economy to an industrial one25 . More realistic assumptions

regarding the birth rate (e.g. endogenous mortality) and the behaviour of the model’s

variables during different stages would generate more realistic intertemporal evolutions of

the population growth rate26 .

This type of dynamic evolution is not exclusive of the population growth rate. In

figure 8 we have drawn the intertemporal evolution of l and we show the same behaviour

that was generated in n. The evolution of per capita production would show the same

behaviour.

(Figure 8 about here)

So, by considering an endogenous population growth rate that evolves along time, the

dynamics behaviour of employment changes. Current research on the impact of demog-

raphy on growth shows that changes in the population’s age structure play a significant

role (Canning and Bloom, 1999, 2005). Although age structure has not been analyzed or

modelized in our model, we could relate it with population growth. This relationship is

25 Galor and Weil (2000) develop a model that captures the historical evolution of population, technology
and output. Recently, the model has been calibrated by Lagerlof (2006).

26 For example, in the same line as demographic and industrial transition models (Lucas, 1998; Hansen
and Prescott, 1999; Kögel and Prskawetz, 2001; Tamura, 2002) we could model a productive sector for every
stage: agricultural and industrial. Moreover instead of a Phillips Curve it should consider an appropriate
wage dynamic in the agricultural stage.
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direct if population begins to grow because young populations change. Then, a possible

justification for the stability of employment during the transition could be the following.

At the beginning of the transition, a young population (resulting from the typical “baby

boom” of the post Malthusian stage) joins the labor force. A young labour force satisfies

the needs of the labour market more easily (e.g. training, geographic and labor mobility)

than an adult population (corresponding to a low population growth), characteristic of

developed economies (the modern economic growth stage). So, a young labour force could

smooth fluctuations caused by labour market rigidities.

Finally, introducing endogenous population growth does not affect the result of the

previous section about how changes of the model’s parameter values affect employment

and per capita income dynamics. Regarding the parameters of endogenous population rate

of growth, because of the inverse relationship between population and economic growth:

a) the greater is the value of child preference the lower per capita income, and b) the

lower both childrearing cost and mortality rate the greater per capita income.

6 Conclusions

Our work complements the theoretical results of neoclassical economic growth models and

cycles literature. The internal dynamics of a simple economy where the labour market is in

disequilibrium generates both the positive growth trend and the irregular behaviour, which

characterizes the intertemporal evolution of per capita income. The dynamics behaviour

depends on the labour market characteristic. Along the lines of wage bargaining models,

we find that the higher the workers’ bargaining power, the lower the employment rate, the

per capita production, and the population growth.

In addition, we get an inverse relation between population and economic growth that

reflects the Malthusian idea that the greater the population growth, the lower the per
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capita income. Then, when we assume endogenous population growth by means of optimal

fertility choices, the model endogenously generates a logistic behaviour in the population

growth rate that changes the dynamics of employment. Specifically, the higher the popu-

lation growth rate the lower the instability. This dynamic result could be related to the

population’s age structure.

Although the model has not been explicitly applied to policy analysis, some important

conclusions can be extracted. Policies which improve the flexibility of the labour market

will decrease instability. On the other hand, as in models of wage bargaining, we find

that greater levels of workers’ bargaining power are associated with lower levels of both

the employment rate and per capita production. Thus, policies which reduce workers’

bargaining power will have a positive effect on economic growth, increasing the employ-

ment rate. Lastly, with regard to demographic variables, on the one hand, an increase in

the population growth rate leads to a decrease in the growth rate of income, and policies

which reduce incentives for fertility may positively affect long run economic growth.

Additionally, the possibility of chaos has some interesting implications in terms of eco-

nomic policy. In our model, persistent oscillations emerge solely because of the internal

structure of the economy. Therefore, the undesired fluctuations could be eliminated or

reduced through appropriate structural interventions rather than the traditional business

cycle theory policies that are focused on attenuating exogenous shocks to economic condi-

tions (temporary changes in technologies and preferences). However, this does not mean

that oscillations are purely deterministic, but the endogenous shocks are not the only

source of economic irregularity. We find these preliminary results encouraging enough to

perform further work, both at the theoretical and empirical level.
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Values of r

Stable equilibrium point 1 < r < e2

Stable cycle of period 2 e2 < r < 12.5039

Stable cycle of period 4 12.5039 < r < 14.2392

Stable cycle of period 8 14.2392 < r < 14.6582

Stable cycles of period 16, 32, 64,... 14.6582 < r < 14.7611

Chaos r > 14.7611

Table 1. Dynamics behaviour
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Figure 1: Wage dynamics and rate of employment
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Figure 2: Chaotic time series of l
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Figure 3: Chaotic time serie of y
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Figure 4: Phillips Curve
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Figure 5: Intertemporal evolution of l
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Figure 6: Intertemporal evolution of y

32



Figure 7: Logistic evolution in the population growth rate
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Figure 8: Intertemporal evolution of l
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